Abstract. We study non-compact surfaces obtained by gluing strips R × (−1, 1) with at most countably many boundary intervals along some these intervals. Every such strip possesses a foliation by parallel lines, which gives a foliation on the resulting surface. It is proved that the identity path component of the group of homeomorphisms of that foliation is contractible.
Introduction
The qualitative part of one complex variable function theory concerns with topological classification of analytical and pseudoharmonic functions as well as with foliations of their level-sets. Such kind of problems was considered by S. Stoilov [20] and G. T. Whyburn [21] who introduced notions of internal and light open maps (respectively) which reflect certain essential topological features of analytical mappings. At the same time foliations by level sets of harmonic function on the plane were studied by W. Kaplan [9] .
We will say that a continuous function f : Z → R agrees with a 1-dimensional foliation F on Z if
• each leaf of F is a connected component of some level-set f −1 (c), c ∈ R; • for each z ∈ R 2 there are local coordinates (u, v) in which z = (0, 0) and f (u, v) = u + const. Suppose F is a one-dimensional foliation on R 2 with all leaves non-compact. W. Kaplan [9] , [10] extending old result by E. Kamke [8] proved that then there exists a continuous function f : R 2 → R which agrees with F . Moreover, one can find at most countable covering {S α } α∈A of R 2 such that (1) each S α consists of entire leaves of F ; (2) the foliation on S α is equivalent to the foliation on the plane R 2 or on the half-plane by parallel lines. In other words, R 2 is glued of countably many strips along open boundary intervals, see Figure 1 .1.
In [11] W. Kaplan also shown that there exists a homeomorphism h : R 2 → R 2 such that the function f • h is harmonic. This result was further extended to foliations with singularities W. Boothby [2] , [3] , M. Morse and J. Jenkins [4] , M. Morse [13] . See also [4] , [5] , [6] , [7] , [12] , [19] In the last twenty years the interest to the topological classification of functions on surfaces arises due to a progress in the theory of Hamiltonial dynamical systems of small degrees of freedom, see e.g. A. Fomenko and A. Bolsinov [1] , A. Oshemkov [14] , V. Sharko [17] , [18] , E. Polulyakh and I. Yurchuk [16] , E. Polulyakh [15] . In the present paper we will study homotopical properties of foliations having properties (1) and (2) above on arbitrary open surfaces Z. Thus such a surface is obtained from a family of strips {S α } α∈A glued along some boundary intervals, and therefore such surfaces will be called stripped . Every strip admits a natural foliation by parallel lines which gives a foliation F Z on Z with all leaves non-compact. We will call this foliation canonical . Let H F Z be the group of all homeomorphisms of Z which maps leaves of F Z onto leaves of F Z , and H 0 F Z be the identity path component of H F Z with respect to the open compact topology. We will prove (Theorem 4.4) that H 0 F Z is contractible. Hence the homotopy type of H F Z reduces to the computation of the homeotopy group (or mapping class group)
As an example we characterize stripped surfaces consisting of one strip (Theorem 3.7). For a model strip S we will use the following notation:
Stripped surfaces
Connected components of ∂ − S (resp. ∂ + S) will be called lower (resp. upper ) boundary intervals.
Definition 2.2.
A stripped surface is the quotient space
where (a) α∈A S α is a disjoint union of model strips;
∂S α is a family of pairs of boundary intervals such that X β = Y β ,
is an affine homeomorphism preserving or reversing orientations.
Thus a stripped surface is a surface obtained from a family model strips by identifying some pairs of boundary intervals via affine homeomorphisms. It is allowed that two strips are glued along more than one pair of boundary components. One may also glue together intervals belonging to the boundary of same strip S, and even to the same lower or upped part of ∂S. 
for t ∈ (a, b).
Remark 2.4. The assumption that the gluing maps are affine is technical and not crucial, however it will be essentially used in the proof of Lemma 4.3.
Let Z be a stripped surface, defined by (2.1), and q :
be the quotient map. Then Z is a non-compact two-dimensional manifold which can be nonconnected, non-orientable, and have boundary. Every connected component of ∂Z is an interval. Also notice that a subset U ⊂ Z is open if and only if q
be the composition of the inclusion of S α into α∈A S α with the quotient map q. We will call ξ α a chart map corresponding to S α . It will also be convenient to use the following notation:
In particular, the image S α = ξ α (S α ) will be called a strip of Z. Notice that if ξ α is not an embedding, then ∂ − S α and ∂ + S α may intersect.
On the other hand, the assumptions (b) and (c) guarantee that both restrictions ξ α | ∂ − Sα and ξ α | ∂ + Sα are injective.
Canonical foliation on a stripped surface
Notice that each model strip S admits a one-dimensional foliation F S whose leaves are connected components of ∂S and sets R × {t}, t ∈ (−1, 1).
More generally, let Z be a stripped surface. Since its strips are glued by homeomorphisms of leaves, the foliations on strips of Z yield a foliation F Z on Z. We will call this foliation Proof. We should prove that every one-point set {x} ⊂ Γ(F ) is closed in Γ(F ), i.e. that each leaf ω of F is closed in Z. Since Z = α∈A S α {Y β φ β ∼ X β } β∈B , see (2.1), we should check that every leaf in a model strip is closed. But the latter is evident for leaves belonging to interiors of strips IntS α = R × (−1, 1) and follows from (2) of Definition 2.1 for leaves belonging to ∂S α = S α \ IntS α .
A homeomorphism h : Z → Z ′ between stripped surfaces will be called an F -homeomorphism whenever it maps leaves of F Z onto leaves of F Z ′ .
Evidently, for each leaf ω we have exactly one of the following possibilities.
(a) ω belongs to S γ \ ∂ S γ for some γ ∈ A; in this case ω will be called internal .
(b) ω ⊂ ∂ S γ ⊂ ∂Z for some γ ∈ A; in this case ω will be called a boundary leaf.
This situation splits into the following three cases:
Our aim is to reduce the situation to the case when there is no leaves of types (c1) and (c2). For this we need the following lemma.
) and preserving horizontal lines, that is h(x, y) = (α(x, y), y) for some continuous function α, see Figure 3 .1.
. Evidently, 
Define h : S → T by the formula:
The verification that h is indeed a homeomorphism having the corresponding properties we leave for the reader.
) and preserving horizontal lines, that is h(x, y) = (α(x, y), y) for some continuous function α, see Remark 3.4. Notice that T from Lemma 3.2 is a stripped surface glued of two strips T 0 and T 1 so that ω = (−1, 1) × 0 is a leaf of type (c2), see Figure 3 .1. Then Lemma 3.2 claims that these two strips can be replaced with a unique one so that the corresponding leaf of type (c2) becomes internal, i.e. having type (a).
Moreover, Corollary 3.3 shows that even infinite sequence of strips glued in a way shown in Figure 3 .2 can also be replaces with one open strip.
Let S be a model strip such that ∂ + S = (−2, 2) and ∂ − S = (−2, 2), see Lemma 3.5. If Z has a leaf of type (c1), then it is F -homeomorphic either with C or with M.
Proof. Suppose ω = ∂ − S γ = ∂ + S γ is a leaf of type (c1) for some γ ∈ A. Let also
be the boundary components of S γ , so
Since ω = ∂ − S γ = ∂ + S γ , it follows that A stripped surface will be called reduced if it has no leaves of types (c1) and (c2) that is every leaf of type (c) is of type (c3). Theorem 3.7. Every connected stripped surface Z with countable base is F -homeomorphic either to a cylinder C or to a Möbius band M, or to a reduced surface.
Proof. Since Z has countable base, it follows that the number of strips in Z is at most countable.
We will now define a certain graph G in the following way:
• the vertices of G are strips of Z containing leaves of types (c1) or (c2);
• if there exists a leaf ω of type (c1) such that ω = ∂ − S γ = ∂ + S γ for some γ ∈ A, then we assume that ω is a loop at vertex S γ ; • two such vertices S γ and S γ ′ are connected by an edge in G if and only if there exists a leaf ω of type (c2) such that (i) Suppose K is a finite non-closed path consisting of n edges. As noted in Remark 3.4 each leaf of type (c2) can be regarded as an internal one after changing partition of Z by strips without changing foliation F Z . This means that each individual edge of G with distinct ends can be reduced. Applying Lemma 3.2 n times one can completely reduce all edges of K.
(ii) Suppose K is a loop, so its edge corresponds to a leaf of type (c1). Then by Lemma 3.5 Z is F -homeomorphic either with C or with M.
(iii) Suppose K is a cycle of n edges. Then by arguments similar to (i) the situation reduces to the case (ii).
(iv) Suppose K is an infinite in one direction path. Then the arguments of the case (i) can not be applied as it requires to consider infinite sequence.
Let S 0 , S 1 , . . . be an infinite sequence of strips in Z corresponding to vertices of K such that ω i , i ≥ 0 is a leaf of type (c2) being an edge between vertices S i and S i+1 in K. Interchanging ∂ − S i with ∂ + S i one may assume that
Notice that each S i is embedded into Z. Denote T = ∪ ∞ i=1 S i , so S 0 is omitted. Then it follows from Corollary 3.3 that T is F -homeomorphic to a model strip having only one boundary component. 
x has an open neighborhood U intersecting S i and S i+1 only, and so U ⊂ T .
Thus
2) Now let us show that T \ ω 0 is closed in Z \ ω 0 . Let {x j } j∈N ⊂ T \ ω 0 be a sequence converging to some x ∈ Z \ ω 0 . We should prove that x ∈ T \ ω 0 . Consider two cases. a) Suppose x ∈ Int S α for some α ∈ A. Since Int S α is an open neighborhood of x in Z \ ω 0 , it follows that x j ∈ Int S α for some j ∈ N. But x j ∈ S i for some i ≥ 1, whence
Then x has a neighborhood U intersecting S α and S α ′ only. Take x j ∈ U. Then x j ∈ S α ∪ S α ′ which implies that one of these strips coincides with S i for some i ≥ 1. But ∂ S i intersects only ∂ S i+1 and ∂ S i−1 for i > 1. Hence S α and S α ′ are contained in T , and so x ∈ T as well.
It follows from this lemma that one can replace T with a model strip, and so the situation reduces to the case when K consists of a unique edge with distinct vertices. Then by the case (i) it can be completely eliminated.
(v) Finally suppose that K is an infinite in two directions path. By arguments of (iv) one can replace each of infinite ends of K with a model strip, and then by (i) eliminate all edges of K. This also implies that Z is F -homeomorphic with an open model strip R × (−1, 1).
Since each strip S α may correspond to at most one connected component of G, it follows that one can apply cases (i)-(v) mutually to each of the connected components of G. This allows to eliminate all leaves of type (c2) or prove that Z is F -homeomorphic either with C or with M.
Homeomorphisms group of F Z
Let Z be a stripped surface. Denote by H F Z the group of F -homeomorphisms of Z preserving F Z , that is for each h ∈ H F Z and each leaf ω ∈ F Z the image h(ω) is a leaf of F Z as well.
Let also H 0 F Z ′ be the subgroup of H F Z consisting of homeomorphisms h such that h(ω) = ω for each leaf of F Z and h preserves orientation of ω. Endow H F Z with the corresponding compact open topology and let H 0 F Z be the identity path component of H F Z , so it consists of homeomorphisms h ∈ H F Z isotopic in H F Z to id Z .
Let Σ(F Z ) be the union of leaves of types (b) and (c3). Evidently, h(Σ(F Z )) = Σ(F Z ) for each h ∈ H F Z .
First we will consider the case when Z is a model strip. Proof. Since g preserves leaves of F S , i.e. the lines R × y, y ∈ (−1, 1), it follows that µ does not depend on x. Moreover, as g homeomorphically maps leaves onto leaves, the map x → λ(x, y) is a homeomorphism R × y → R × µ(y). Finally, µ : (−1, 1) → (−1, 1) is a strictly monotone surjective continuous function, for each y ∈ (−1, 1). Therefore it extends to a self-homeomorphism of [−1, 1].
The following lemma is easy and we leave it for the reader. 
We will show that formulas for G on distinct strips agree with affine gluing maps φ β for all β ∈ B. More precisely, let ξ : S → S and ξ : S ′ → S ′ be two strips of Z. For the convenience of notation assume that
be two boundary components glued via an affine homeomorphism φ : Y → X. Let also g : S → S and g ′ : S ′ → S ′ be the corresponding liftings of h| S and h| S ′ respectively, and G and G ′ the corresponding isotopies for g and g ′ given by (4.2). We have to prove that for each t ∈ [0, 1] the following commutative diagram holds true:
This diagram trivially holds for t = 1 when G 1 and G ′ 1 are identity maps. Moreover it also holds for t = 0 when G 0 = g and
We can assume that
for some u, v ∈ R, and continuous functions λ : Y → R and λ ′ : X → R. For simplicity we will also omit the second coordinate ±1. Then
and so we get from (4.3) that
. Thus isotopies (4.2) agree on distinct model strips, and therefore they yield a unique isotopy between h and id Z in H 0 F Z ′ . One can easily check that such an isotopy is continuous in (h, t) ∈ H 0 F Z ′ × I and so it yields a contraction of H 0 F Z ′ .
Theorem 4.4. Let Z be a connected reduced stripped surface and h ∈ H F Z . Then h ∈ H 0 F Z if and only if the following three conditions hold:
is a unique lifting of h| Sα given by (4.1), then µ is increasing and λ(x, y) also increasing for each fixed y ∈ (−1, 1). (c) h leaves invariant each leaf ω ⊂ Σ(F Z ) and preserves its orientation. Moreover, H 0 F Z ′ is a strong deformation retract of H 0 F Z , and in particular, H 0 F Z is contractible as well.
Proof. Let Q ⊂ H F Z be a subgroup consisting of maps satisfying (a), (b), (c). We should prove that H 0 F Z = Q.
Inclusion H 0 F Z ⊂ Q. Suppose h ∈ H 0 F Z , so there exists an isotopy h t : Z → Z, t ∈ I, such that h 0 = id Z , h 1 = h, and h t ∈ H F Z for all t ∈ I.
(c) Since
Moreover, the restriction of h t | ω : ω → ω is an isotopy between id ω and h| ω , whence h| ω preserves orientation.
(a) It follows further, that h also leaves invariant every connected components of Z\Σ(F Z ). But every such component is the interior of some strip, whence h( S α ) = S α for each α ∈ A, which completes (a).
(b) Moreover, let (g α ) t : IntS α → IntS α be a lifting of h t | Int Sα . Then (g α ) t = λ t (x, y), µ t (y) , where λ t and µ t are continuous in (x, y, t). Moreover, {µ t } t∈I is an isotopy between µ 0 = id (−1,1) and µ 1 = µ. Hence µ is increasing.
Similarly, for each fixed y ∈ (−1, 1) the correspondence x → λ t (x, y) is also an isotopy between id R and x → λ(x, y). Hence the latter is also an increasing function.
To prove the inverse inclusion H 0 F Z ⊃ Q we need the following lemma: Proof. Let h ∈ Q, α ∈ A, and g α : S α → S α be a lifting of h, see Lemma 4.2. So by (c) g α (x, y) = λ α (x, y), µ α (y) , where then µ is increasing and λ α (x, y) is increasing in x for each fixed y ∈ (−1, 1). Define an isotopy F α : S α × I → S α by F α (x, y, t) = λ α (x, y), ty + (1 − t)µ α (y) .
(4.4)
Then F α is fixed on ∂S α , (F α ) 0 = g α and (F α ) 1 preserves each leaf of F Sα with its orientation. Hence the family of isotopies {F α } α∈A yield an isotopy F (h) : Z × I → I of h to a diffeomorphism which preserves each leaf of F Z with its orientation. In other words, F (h) 0 = h, F (h) t ∈ Q for all t ∈ I, and F (h) 1 ∈ H 0 F Z ′ .
One can easily check that the map F : Q × I → Q given by F (h, t) = F (h) t is continuous. Moreover, if h ∈ H 0 F Z ′ , then in (4.4) µ α (y) = y, whence F α (x, y, t) = g α (x, y), and so F (h, t) = h for all t ∈ I. In other words, F is a deformation fixed on H 0 F Z ′ , whence H 0 F Z ′ is a strong deformation retract of Q.
Since H 0 F Z ′ is connected (even contractible), it follows from this lemma that Q is also connected. But id Z ∈ Q, whence Q ⊂ H 0 F Z . Theorem 4.4 completed.
